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An Unsplit Step 3-D PML for
Use with the FDTD Method

Dennis M. Sullivan,Senior Member, |IEEE

Abstract—An important advance in the use of the finite- D andH [4], respectively. Ther direction equations are
difference time-domain (FDTD) method has been the introduction

of the perfectly matched layer (PML) to act as the absorbing . . 0H. O0H,
boundary condition. The initial implementation required the E JwDy - epx () =co- 9y Oz (2a)
and H fields to be split. Recent advances have suggested a new ? -
unsplit step PML. This paper describes an FDTD implementation ) . Ok, OE.
of this new unsplit PML in three dimensions, but implements JwHg - pipx(z) = co - 9z o (2b)
them in the D and H fields. This has the advantage of isolating the i i
PML from the rest of the FDTD computation, but, unlike the split
step formulation, requires almost no additional computational Where
resources. (@)
chx(e) = (enela) + 22 (3a)
l. INTRODUCTION Jweo
NE OF THE most important developments in the use of ppx(z) = <NHJ:(-77) + %ﬁ@) (3b)
0

the finite-difference time-domain (FDTD) method was

Berenger's perfectly matched layer (PML) [1]. In a recenthe gefinitions are similar in th& and Z directions.

paper, Sackst al.[2] suggested a PML which did not require  g5ckset al. showed that there are two conditions to form
that the computation of the individual’ and H fields be 5 ppL.

split into two components. This was demonstrated on a finite-
element code. Zhao and Cangellaris [3] formulated this into
the FDTD method and demonstrated it in a two-dimensional
FDTD code. This paper implements a three-dimensional (3- N

D) unsplit step PML following the theory of Sacks in a Zy=Zm :q/@ m=uzx,y, andz 4)
formulation similar to Zhao and Cangellaris. However, it €Fm

varies in one important aspect: the PML is implemented
using the magnetic fieldd and the electrical displacement
D instead of the electric field, which makes the PML com-
pletely impervious to the background medium and completely
separate from any “real” conductivity of the medium. Its
accuracy and robustness are demonstrated in three-dimensional
(3-D) problems with different background media. Furthermore,

1) The impedance going from the background medium to
the PML must be constant,

where Z, is the impedance of the background medium
and Z,, is the impedance of the PML.
2) In the direction perpendicular to the Boundany, for
instance), the relative dielectric constant and relative
permeability must be the inverse of those in the other
directions, i.e.,

this PML is implemented with no additional computational 1 . .
resources. Ee epy (2) = epz(2) (5a)
FX
1

Il. FORMULATION . = iy (%) = ppz(2). (5b)
Wiy (%)
The normalized Maxwell’'s equations can be written as ] ] o

The following selection of parameters satisfies (5):

JwD =¢co-VxH (1a)
D(CU) = E;k,(CU) : E(w) (1b) EDm = MWHm = 17 all m (6&)
9Dm OHm oD
JjwH = —¢oV x E. (1c) —_— ==, all m. (6b)
€0 Ho €0

Fictitious anisotropic constants comparable to the relati\éeu

dielectric constant and relative permeability will be added {0 bstituting (6) into (4) gives
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Implementing (5) in ther direction gives

185

The (1/jw) may be regarded as an integrator operator. Imple-

menting this into an FDTD formulation gives

-1
. op(z) B OH. 0H,
g - <1 + N—E()) - < y P (82) curl_h = [HI7V2(i+1/2,5 +1/2,k)
, UD(a:)> <aH 8H4> — HY2(i41/2,5 — 1/2,k)
jw - | 1 - Dy,=c 8b = ’ ’
’ < jweo )7V T\ 92 T Os (85) — H)7Y2(i+1/2,5,k + 1/2)
jw <1 + U,D(x))Dz =co- <% - aaH’”) (8c) +H}TV3(i+1/2,5.k—1/2)]  (15a)
Jweg x Yy n - . n—1,- .
JwH, <1 + e ) =cq- < 7‘“ 5 ) (8d) + .5gil(i+1/2) - curl.h (15b)
ol 0B, or DI+ 1/2,5,K) = DI+ 1/2,3.8) + 05 curlh
I <1 e )Hy = o < oc " 02 ) (8e) 5 Iy i+ 1/2, ). F) (150)
Jw <1 + (Zfd(:)>HZ =cq- <88E; - %) (8fy Where
Jweo i+1/2)-T
_ _ . . gil(i +1/2) = oli+1/2)- T (16)
Now, the task is to put these in the FDTD formulation. Starting 2¢0

with (8c), going to the sampled time domain using time step . . .
= Az/2 - ¢, and using the usual first-order differencég similar treatment of (8d) gives
apprOX|mat|ons in time and space, the following difference ¢yrl ¢ = [ED (i, +1/2,k+1) — El(i,5 +1/2,k)

equation is obtained:
D2 (i, 4,k +1/2) = gi3(i) - D714, 5.k +1/2) + gi2(i)
(0.5) - [HPY2(i+1/2, 5,k + 1/2)
n—1/2y. K
— Hp (i - 1/2,5,k+1/2)

_EQ(L7J+17k+1/2)_EQ(L7J7k+1/2):|
(17a)
23 54 1/2,k+1/2)

= I 260 + 1/2.k 4 1/2) 4.5 fil(i) - ourle

— H 720§ +1/2,k+1/2) (17b)
FHMY2(0 55— 1/2,k+1/2)]. Q) HMY2(ij+1/2,k+1/2)
_ogn—1/2/; - 5.
The new parameterg2 and g<3 are given by =4 G, % 172,k +1/2) +05 - curle
) I"+1/2(L J+1/2,k+1/2) (17¢)
02 10a
9i2(i) = 14 0(i) - T/(2e0) (102) with
1—o(i) - T/(2e0) i
i3 10b 1 1(¢ oli) T
980 = oS ey (10b) Fil(i) = <2>€0 . (18)
An almost identical treatment of (8f) gives In calculating the parameters, it is not necessary to actually

vary conductivties. Instead, an auxiliary parameten, is
calculated so as to increase as it goes into the PML and the
and g parameters are calculated fram

HM Y20 41/2,5 +1/2,k)
= fi3(i+1/2) - H'7Y2(i +1/2,5 +1/2,k)
— fi2(i +1/2) - 0.5 [EN(i,j + 1/2,k)

. 3

— Ey(i,j —1/2,k) = E; (i +1/2,4, k) an(i) =333+ —————— ), i=12,...,lengthpml
+EXi—1/2,5,F)] (12) (i) 1)

and fi2(i + 1/2) and fi3(¢ + 1/2) are fil(z) = an(s) (20a)

o 1 95y — 1
26412 = o Ty, 4 90 <1 +m(i)> (200)
' 1 —an(i)
Fid(i+1/2) = L UEZ j: 1@ T?E;‘?O;. (13b) 9i3(i) = <71 +iZ(L)> (20¢)

Note that they are calculatedat1/2 because of the position Notice that the quantity in paretheses ranges between zero
in the Yee cell forH., moving in theX direction. and one. The factor .333 was found to be the largest number
Obviously, (8b) and (8e) will be similar. Equation (8a)that still always guarenteed stabilityi1, fi2, and fi3 are

however, will require a different treatment. Start by rewritingfifférent, only in that they are computed at the half intervals,
it as ¢ + 1/2. The parameters vary in the following manner:
OH

jwD, = = _ OH, o (OH. 9H, fil(i) andgil(:) from 0 to .333
Jwllz = Co - oy~ 02 + cojw60 gy az ) fi2(:) andgi2(:) from1to .75
(14) fi3(i) andgi3(i) from 1 to .5.
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Fig. 1. Description of the problem space used to evaluate the accuracy of -10 -5 0 5 10
the FDTD calculations with Bessel function expansion results. The dielectric cm

sphere is 20 cm in d‘iameter, with. = 30, ¢ = .3. The cells are 1 ch
The entire space is 40cells. Fig. 3. FDTD versus Bessel function expansion along the incident axis at 50,

200, and 500 MHz for the problem described in Fig. 1. Background medium

is water.
06 — O FDTD_50 =
/,i .\‘ Bes_50
- n A ‘};D“;;OO run using an air background medium. Fig. 3 shows a similar
J \ T m o s result for a water background. The same program was used for
0a 1 .m ‘.‘ - Bes 500 these two calculations, and no modification to the PML was
"i‘"./ \ TN needed. Remember, the PML was implemented by artificial
IEz ﬁ’f!’-g—-A-A‘z “ ,’ A conductivities associated with the calculation bf and H;
-4 ‘ \ both the dielectric sphere and the background medium are

specified bye, and &, which are used in the calculation of

E from D [see (1b)]. Note that there is very good agreement

between Bessel values and FDTD values. At 500 MHz, some
error starts to show in the water background problem, because
the wavelength in water is 6.67 cm, and the FDTD code is

using 1-cm cells.

-10 -5 0 5 10
<m

Fig. 2. FDTD versus Bessel function expansion along the incident axis at 50, IV. RESOURCES TOIMPLEMENT THE PML

200, and 500 MHz for the problem described in Fig. 1. Background medium

S air One final note on the resources needed to implement the

PML: recall that a parameter was needed to implement the
Throughout the main problem spacg,l and fi1 are zero, integrating term [z, in (17b)]. This is only needed in the
while fi2, ¢gi2, fi3, and ¢gi3 are one. Therefore, there is aPML, which is in the scattered field of the problem space
“seamless” transition from the main part of the program tgrig. 1). The running Fourier transform, which needs two
the PML. words per cell per frequency, is only needed in the total field
(Fig. 1). Therefore, the matrices used to implement the Fourier
transform are also used for the PML, i.e., the implementation

The ability of the PML to absorb outgoing waves has beeor}c this PML requires no new resources.

demonstrated [2], [3], and the one described in this letter
displays the same robust characteristics. Instead of reporting
on such tests, an example will be shown to demonstrate thg
flexibility of this PML in varying the background medium.
Fig. 1 is an illustration of the problem space of a 3-D FDTD
program. A dielectric sphere is illuminated by a plane wave,
and the resultingE-field calculation is compared with a
solution from Bessel function expansions. The plane wave
is a gaussian impulse, and the fields are determined by
a running Fourier transform [5]. Any number of frequenciesf4
can be calculated with one run, requiring only two additiona
words of core memory. [5]
Fig. 2 shows a comparison along the main incident axis
in the dielectric spherés, = 30, ¢ = .3) for a problem
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